Global Existence for the Seiberg-Witten Flow 
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Abstract. We introduce the gradient flow of the Seiberg-Witten functional 
on a compact, orientable Riemannian 4- manifold and show the global existence 
of a unique smooth solution to the flow. The flow converges uniquely in C°° up 
to gauge to a critical point of the Seiberg-Witten functional. 

1 Introduction 

In his ground-breaking work, Donaldson applied Yang-Mills theory to con- 
struct a new invariant for 4-manifolds and proved that there exist topological 
4-manifolds which do not admit smooth structures, and topological 4-manifolds 
that admit an infinite number of distinct smooth structures (e.g. [2]). A decade 
later, Seiberg and Witten, again using considerations from gauge theory, pro- 
duced some surprisingly simple equations which have been used to produce 
simpler proofs of many results from Donaldson theory, and also some new re- 
sults [22] ■ In particular, the new equations are first order and have gauge group 
U(l). Because of its ease of computation, Seiberg-Witten theory has effectively 
succeeded Donaldson theory in many cases. 

Computing the Seiberg-Witten invariant for a given manifold involves find- 
ing nontrivial solutions to the Seiberg-Witten equations ([2]), called Seiberg- 
Witten monopoles. Therefore, an important problem in Seiberg-Witten theory 
is the formulation of necessary and/or sufficient conditions for the existence 
of monopoles. In f9 , for instance, Taubes proved that when a symplectic 
structure exists on M, there exists a monopole for a particular canonical spin c 
structure. For an elementary introduction to spin geometry and the Seiberg- 
Witten functional, see [8] . For a longer exposition of Seiberg-Witten theory, see 

ma, m, us] or nu. ' 

Let M be a compact oriented Riemannian 4-manifold with a spin c structure 
s. Denote by S — W®C the corresponding spinor bundle and by S ± — W ± ®C 
the half spinor bundles, and by L 2 the corresponding determinant line bundle. 
Recall that the bundle S + has fibre C 2 . Let A be a unitary connection on 
C 2 . Note that we can write A = Aq + a, where Aq is some fixed connection 
and a G iA 1 M with i = Denote by Fa = dA £ iA 2 M the curvature 

of the line bundle connection A. Let {ej} be an orthonormal basis of R 4 . A 
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Spin(4) c -connection on the bundles S and S is locally denned by 

V A = d+ l -{uo + A), (1) 

where ui — Uj k eje k is induced by the Levi-Civita connection matrix ojj k and 
ej-efe acts by Clifford multiplication (see [8]). We denote the curvature of Va by 
ft A- The Dirac operator Da ■ F(S) —> T(S) is given by 

where denotes covariant differentiation along the tangent vector ej, and ex- 
acts via Clifford multiplication. We define the configuration space r(S + ) x sf, 
where srf is the space of unitary connections on £ 2 , and let (ip, A) £ r(6> + ) x stf. 
The Seiberg-Witten equations are 

D+<p = 0, F+ = 1 (e 3 e k <p, <p) A e k . (2) 

Solutions with <p = are called reducible (or trivial) solutions. Nontrivial 
solutions are called (Seiberg-Witten) monopoles. 

The heat flow for the Yang-Mills equations, suggested by Atiyah and Bott, 
has played an important role in Yang-Mills theory. The first contribution was 
made by Donaldson [D2] in the case of a holomorphic vector bundle. He used 
the Yang-Mills heat flow to establish an important relationship between Her- 
mitian Yang-Mills connections and stable holomorphic vector bundles. How 
to formulate a heat flow for the Seiberg-Witten equations and use it to estab- 
lish a relationship between Seiberg-Witten monopoles and spinor bundles is a 
challenging question. 

In order to answer this question, we introduce the gradient flow of the 
Seiberg-Witten functional. The Seiberg-Witten functional SW : r(5 + ) x si — > 
K is given by 



SW(<p,A) = I \D A <p\ 2 



F l-\ (eje k ifi, if) e j A e k 



2 

dV. 



' M 

Using the Weitzenbock formula (e.g. [5] or [10] ) 

S 1 

D 2 A ip = -V*a^ap + jtp + ~F Aijk (eje k tp), (3) 
the Seiberg-Witten functional can be written in the following form: 

sw(<p,A)= [ |v^| 2 + |F+| 2 + f M 2 + ^M 4 dv; (4) 

where S is the scalar curvature of M. The Seiberg-Witten functional is invariant 
under the action of a gauge group. The group of gauge transformations is 

ST = {g : M -> [/(!)} . 
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acts on elements of the configuration space via 



g*(ip,A) = (g- 1 <p,A + 2g- 1 dg). 

It is easily seen that © and (@| are invariant under the action of the gauge 
group. 

Using the relation 

||F A || i2 =2||^|| i2 -47r 2 Cl (/:) 2 , (5) 

where ci(£) is the first Chern class of C (see [2]), one can also write the 
functional in the form 

SW{y,A) = [ \W AV \ 2 + \\F A \ 2 + ^ W\ 2 + \\ v \ 4 dV + ^ Cl {C) 2 . (6) 

Note that the term 7r 2 ci(£) 2 is constant along the flow and does not affect the 
flow equations. Thus in this paper, it can usually be neglected. The Euler- 
Lagrange equations for the Seiberg-Witten functional are 



s + M 2 p = 0, (7) 



-d*F A -iTm(V A <P,f) =0. (8) 

The Euler-Lagrange equations for the Seiberg-Witten functional were first in- 
vestigated by Jost, Peng and Wang in [9]. They proved a number of properties 
including the Palais-Smale condition, compactness and the smoothness of weak 
solutions to the system (0-([8]). Note that equations ©-(JEJl always admit the 
trivial solutions with (p = 0, but among the solutions to (HI)-© are also any 
nontrivial solutions, including the Seiberg-Witten monopoles (solutions of ©). 

Given the above functional setting, the natural evolution equation to choose 
for finding critical points is the gradient flow. Therefore, we define the Seiberg- 
Witten flow by 

?j£- = -v A v A v-\[s + w\ 2 ]^ (9) 

dA 

— = —d*F A - i Im (V A <p, ip) (10) 



with initial data 



(<p(0),A(0)) = (<p ,A ). 



Note that since the connection V A respects the splitting S — S + S~ , for 
initial data ipo g T(S' + ), we have <p(t) g r(S* + ) for each t. In this paper we 
establish that these flow equations admit a smooth solution for all time, which 
converges to a critical point of the functional (|4]). 

Theorem 1. For any given smooth (tpo,Ao), the system ^)- H0\) admits a 
unique global smooth solution on M x [0,oo) with initial data (ipo, Aq). 
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We show the existence of a local solution to © and (fTUj) following an idea of 
Donaldson for the Yang-Mills flow (e.g. [2]) which considers a gauge equivalent 
flow. The critical question for the global existence of the Seiberg-Witten flow 
turns out to be whether or not the energy concentrates, as in the Yang-Mills and 
Yang-Mills-Higgs flows (see [T7] and [3]). While this question remains unresolved 
for the Yang-Mills and Yang-Mills-Higgs flows in four dimensions (see e.g. [B]), 
we fortunately show that concentration does not occur in general for the Seiberg- 
Witten flow at any time T < oo. 

Concerning the limiting behaviour of the flow, we show the following theo- 
rem. 

Theorem 2. As t — > oo, the solution (<p(t), A(t)) converges smoothly, up to 
gauge transformations, to a unique limit (y>oo, A^), where (<foo, Aoo) is a smooth 
solution of equations {Tp-fSp. There are constants Ck and | < 7 < 1 such that 

\Mt),A(t)) - faoo.AxOII** *S c k t-^/^- l \ (11) 

Moreover, for any A > 0, (^0,^0) — > (^00,^00) defines a continuous map on 
the space {(<p a ,A ) : SW '(<p(t) , Alt)) -» A} as t -> 00. 

Analogous results were proven for the Yang-Mills flow in two and three 
dimensions by Rade [13] , and extended to the Yang-Mills-Higgs functional on a 
Riemann surface by Wilkin [2T]. Both of these extend the work of Simon [T5] . 

Let A — T(S + ) x be the configuration space and let A4 be the subspace of 
critical points of the Seiberg-Witten functional. We define A := {SW((poa, A^) : 
(tpoa> Aoo) S M}. By the compactness result in 9 and Lcmma [5.31 we know that 
A is discrete. For each A € A, let Ai\ be the subset of critical points ((fiocAoo) 
with SWiifioc, Aoo) = A, and A\ the subset of A such that SW(ip(t), A(t)) -> A. 
Then A = Ua^a^Ia and M. = Ua^aA^a- As a consequence of Theorem 2, the 
Seiberg-Witten flow defines a continuous ^"-equivariant flow. Furthermore, the 
Seiberg-Witten flow defines a deformation retraction $ : [0, 00] x A\ —> A\ of 
Ax onto A^a- 

It is a very interesting question when the unique limit (^oo^oo) of the 
Seiberg-Witten flow for some initial data is a Seiberg-Witten monopole. By 
Lemma 15.51 if the initial data (ifo,Ao) is sufficiently close to a non-trivial 
Seiberg-Witten monopole, the flow will converge to a non-trivial Seiberg-Witten 
monopole which is close to the original non-trivial monopole. If the scalar cur- 
vature S is everywhere non-negative, the Seiberg-Witten equations ([2]) admit 
only the trivial solutions <p = and Ft — 0, and equations (0-© admit only 
trivial- type solutions with <p = 0. Thus, the flow can only converge to a trivial 
critical point. 

The paper is organized as follows: In Section 2, we establish some prelimi- 
nary estimates. In Section 3, we show the local existence of the flow. In Section 

4, we show global existence and complete the proof of Theorem 1. In Section 

5, we consider the limiting behaviour of the flow and prove Theorem 2. Finally, 
in Section 6, we present a brief note about analogous results for the flow of the 
perturbed Seiberg-Witten functional. 
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2 Preliminary estimates 



The familiar Sobolev spaces of functions on Euclidean spaces can be extended to 
the geometrical context. Given a connection V £ : Q°(E) —> J7 1 (£') on a vector 
bundle E, we can extend it to the well-known exterior covariant derivative 
(La '■ Q P (E) — > fl p+1 (E). There is another extension of V E , called the iterated 
covariant derivative 




V : ® P T*M ® E -> ® P+1 T*M ® E. 

We then define 

IMIw-^fM) = ( £ / V ™W 

where V re / is a given reference connection and V^™ ^ denotes n iterations of V re / 
(we use the exponent n without the brackets to denote the n th component). 
It is a straightforward calculation to show that different choices of reference 
connection lead to equivalent norms. We define ||-A||jyfe,p similarly, where the 
reference connection is simply the standard connection on forms induced by 
the Levi-Civita connection. We define, as usual, H k = W k ' 2 . We also have 
the parabolic spaces L p ([0, T]; W k ' p (M)), which require that the function t — > 
\\tp{t)\\ W k, P is in LP over [0,T]. In particular, 

2 / i)2 



II ( ^IIl2 ([0iT];L 2 (m)) = / M dVdt. 

Jmx[o,t] 

We make use of another Weitzenbock formula on p-forms (one that is distinct 
from ©). We have the covariant Laplacian V^Vm and the Hodge Laplacian 
A = (dd* + d*d) (which has opposite sign to the standard Laplace operator on 
M) . They are related by 

V* M V M ^ - A/3 = RmW, (12) 

where ft is any p-form, Rm is the curvature of the Levi-Civita connection, and # 
represents some multilinear map with smooth coefficients (so that importantly 
\Rm#0\ «: c\R M \ |/3|). See (0) for details. 

We first establish a bound on \<p\. Let So = min {S(x) : x £ M}. Of course, if 
Sq > 0, the Seiberg-Witten equations admit only the trivial (reducible) solutions 
if = and F+ = 0. 

Lemma 2.1. Let (<p,A) be a solution of fff[)-f7Q[) on M x [0,T), and write 
m = sup \<po\. Then for all t € [0,T), we have 



sup \(f(x,t)\ < max{m, v|So|}. (13) 

xeM 
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Proof. We note the following identity 

7 *A 



A M 2 = 2 Re (V* A V A <p, <p) ~ 2 |V^| 2 , 



(14) 

which holds for any metric connection Va (see 3.2.7 of [5]). Using this identity, 
we have 



at 



m 



2 Re 



~dt 



,<p 



2Rv{ -\7* A \7 A p- J [s+M 2 



-AM a -2|V^| 2 -i [s + M 2 



Let 6 be any constant with < b < T. Suppose (f>(x, t) attains its maximum 
point at {xo^to) € M x [0,b] such that to is the first time the maximum is 
reached, i.e. 

\<p(x , t )\= max . \<p(x,t)\ 

xEM,Q<t<b 

If |<^(xo,io)| < max{m, •\/|So|} ) the claim is proved. Otherwise, 

\(p(x ,t )\ > ma,x{m,^y\S Q ~\}. 

By the continuity of ip on M x [0,6], there is a parabolic cylinder U x [t\,t2\ 
inside M x [0, b] with t\ < t < t 2 such that 

\<p(x,t)\ > max{m, y/\So~\}, V(a;,t) G U x [ti,i 2 ]. 
Then for all (x,t) E U x [ti,t2] we have 

||^| 2 +A|^| 2 <0. 

By the strong parabolic maximum principle, \(f>(x, t)\ must be a constant. 
This is impossible. □ 

Wc have the following energy inequality. 
Lemma 2.2. Let (ip,A) be a solution of [fy-fTUji on M x [0,T). Then 

d 



dt 



SW(<p(t),A{t)) 



L 


2 


dtp 


2 
+ 


OA 


2" 






dt 




dt 





< 0. 



(15) 



Proof. For any ip, we compute 

SW(cp + sip,A) 



d_ 

els 



e=0 



M 



Re (V A V A <P, t/,) + \ \s + |^| 2 1 Re (<p, iP) 



= 2 I Re ( V* A V A p + 7 

M 



s + WY 



<p,^ 



6 



and for B £ i^M, 

SW(<p,A + eB) 
f (V A+eB <p,V A+eB if) + (F+ +eB ,F+ +£B ) + j \<p\ 2 + I M 4 

r=0 JM 4 8 

J m (JvaV + \eB<p, Vav + \eB^J + (F+ + e(dB) + ,F+ + e(dB)+) 



d_ 

de 
d 
de 
d_ 

de 



£ = 



2 l^\ y -Re(V A ^Bi P ) + (F+,(dB) + ) 



J ((^ Im ^<P, & ' B ) + ( F A> dB ) 

^ ^Im(V AV >,<p) + y*F A ,B 



where we have used that d*(dA) + = \d*dA. Noting that =ip and # = B n 



at 

the result follows. □ 

Next, integrating (IT51) in time gives 

SW(<p ,Ao)-SW(ip(T),A(T)). 



dt 



r 


2 


dip 


2 

+ 


OA 


2 


'0 




dt 


L 2 


dt 


L 2 _ 



(16) 



That is, 



From the Seiberg-Witten functional (U]) we see that 



\\V A <p\\l 2 + \\FZ\\Z 2 + - / S\(p\*^SW(tp,A) ^SW(<p ,Ao) 
4 Jm 



^\\V A ip\\l 2 + \\F+\\ 2 L2 ^SW(ip ,A )-] [ S\<p\ 2 

4 Jm 

^\\V A <p\\ 2 L2 + \\F+\\ 2 L2 ^c, 
since S and \(p\ are bounded. This implies that 

V^GL°°([0,T];L 2 (M)). 

Furthermore, since from ([5]), \\F£ |L 2 = \ \\F A \\ 2 L2 + c, we also have 

F A £L°°([0,T];L 2 (M)). 



7 



3 Local Existence 



In this section, we show the existence of a classical (smooth) solution of the 
system ([9])-([10|) on M x [0,T) for some T > 0. What we would like to do 
is to make the system parabolic by adding the term dd* A to pU|) . since this 
would give us the Laplacian AA Note that A = dd* + d*d denotes the Hodge 
Laplacian. Fortunately, this extra term points along the gauge orbit of A since 
it is the derivative of a function on M. 
In local coordinates, we write 

d^ = d + A = dA„ +a, eU = eU Q + a- 

Then we consider the following system of equations: 



d ^ Y7*Y7 ~ 1 r 



l^l 2 



(p + -d*a<p, (17) 



Oo, 

— = -d*F A -ilm{Vi<f>,<p) - dd*a, (18) 

with initial value 5,(0) = and <p(0) = <^o- 
Since Fj — Fa + dd and 

_V ^ V 'a'P = -VA VA a <P + a#VA„<^ + a#a^ + Va o S#0, 

the system (fT7"l) and ([T8l) is a quasilinear parabolic system. Thus by standard 
PDE theory there is a local smooth solution (ip, a) on M x [0, T) for some T > 0, 
given smooth initial data. See for instance §111.4 of [3]. However, since a is not 
bounded, we do not yet have global existence for the system (fT7|) and f|18]>. 

We next claim that the system (|17|) -([T8 |) is gauge equivalent to our original 
system (|9|)- (fT0|) . By standard ODE theory, there is a local smooth solution / 
to the equation 

-idg 
9(0) = I, 

where (ip, a) is a solution to ([T7|) and (fT8|) . Since d*d £ f2°(ZY(l)), it is easy to 
check that g~ Y and g* satisfies 

^=d*fi.G, G(0)=I. 
dt ' w 

Therefore g~ x = §*. Hence, g is a gauge transformation. 

Note that locally on the manifold we can write g = e % * for some real-valued 
function /. Then d(g _1 dg) = 0, and g also satisfies the equation 

2^ (g-'dg) - -dd*d. (19) 
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Given our local solution (if, a) to (fTTft - <P~5|> on M x [0, T), we solve equation (fH?j) 
to obtain our gauge transformation g(t). Set 

OM^) = {9*{<p),9*{dA)) = (g~ 1 f>,d A - 2g~ 1 dg). 

Applying this gauge transformation, we obtain a local solution 

(<f,d A ) = (g<P,d A - 2g~ 1 dg) 

to our original system (0) and (TlU|) on M x [0, T) as shown below. 
Note that F A — Fa since d(g _1 dg) = and that 



gV* A og- 1 = V A , gV A og- 1 =V A , 



\9\ 



Then we have 



We compute 



Im (V A (f, if) = Im (gV A (p, gif) = Im (Va<P, <p) 



dA da 3 , 



d 



-d*F A - i Im {S7 A tp, 0) - dd*~a - 2— (g^dg) 



-d*F A -ilm(V A tf,<f) 
-d*F A -ilm (V A (f,if) 



and 



dip d 
~di~di 



{90) 



dg _ dip 
1 r 

V *4 V A<^-7 5 +1^1 ^+7^^, 



1 



= -gV\ o g^ 1 o 5 V 



A°g 1 g ( p- 



l r 

4 



9f 



9- 



Thus, we have shown the existence of the local solution of (l^|)- ([TU| . 

Lemma 3.1. For any given smooth initial data (ipo,Ao), equations (0) and M0\) 
admit a unique local smooth solution on M x [0, T) for some T > 0. 

We suppose that T is maximal, that is, the solution cannot be smoothly 
extended beyond time T, and contradict this assumption in the next section. 
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4 Global Existence 



In this section, we show that our local solution can be extended to a global 
solution, without restrictions on the manifold, bundles, or initial data. The 
obstruction to extending the local solution of (f§])- (fTU)) on M x [0, T) to a global 
solution on M x [0, oo) is that it may cease to be smooth in finite time. Through- 
out this section, {ip, A) will represent our smooth local solution to the flow on 
M x [0,T). For notational simplicity, we adopt the convention that c and its 
variants denote positive constants, which can change from line to line. 
We next compute an estimate for (|V/i</?| 2 + IF^ 2 ^. 

Lemma 4.1. There exist positive constants c, d such that the following estimate 
holds: 

d 



- (|V^| 2 + \F A \ 2 ) + A (|V^| 2 + \F A \- 

«: -J (|v^| 2 + |vf a | 2 ) +c(\f a \ + 1) (|v^| 2 + \f a \ 2 + 1 



Proof. We first consider IV^^I . 



— Va ) <p, V^v 



-2 Re (V A V^Va^, V A <p) - - Re ( 



Re( — (p,V A ip 



<P,Va<P 



(20) 



Recall that we denote the curvature of the induced connection on S + by Sl,4 
with A = A + a, a e iA 1 ^!. We have the well-known Ricci formula 

vfv A V A <p = V^VaV^W E (v^i? A / + V^^)#V^V, (21) 

where Rm represents the Riemannian curvature of M (see e.g. 2.2 of [7]). Then 

-2 Re (V A V* A V A <p, V^) < - 2 Re (V^VaVav, V^) + c \F A \ \ V^| 2 

+ c \V M F A \ \V A (p\ + c \V A cp\ 2 + c \V A <p\ , (22) 

where we note that the nonconstant portion of il A is F A . We deal with the first 
term in (l20l by applying ((14)) to V A cp: 



-2 Re (V* A V A V A <p, V a <p) = -A | V A ^\ 2 - 2 



Considering now the second term in (|20|) . we note that by the metric compati- 
bility we have 



d\tp\ = (V A ip, if) + (tp, V A ip) = 2 Re (V A tp, ip) 
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and so 



- - ^ ( 



5 + |</?| 2 (p,VA<p) 
- Re ^ [5 + M 2 ] + dSv» + d \<p\ 3 ip, V A v) 
S+k 



s- 



\V A <pf - - Re (dS<p, W A if) ~ Re (Re (V A (p, tp) V ' A <p) 
I V A vl 2 ~ 5 Re (dSip, V A <p) - |Re (V A V>, <p) | 2 



<c|VAVr+c|VAV|. 
where we have used that 

- Re (Re (V A <P, <p) <p, ^ Af) 



Re(Re(V>,^W V> 



= -Re(V>,^)Re(^,V» = -\Re(<p,V A <p)\ 



Finally, for the third term in (|20p. 



Re( —tp,V A ip 



= - Re (d*F A ip, \7 A f) - Re (i Im (V^y, y>) Va^) 
^c|Vm^||V A (^|+c|V a ^| 2 . 



Combining all of the above we ultimately find 

-Q t \^Aip\ 2 sC-A|V A ^| 2 - \V\ip\ 2 + c\V m F a \\V av\ 

+ c \F A \ \V A p\ 2 + c |V^| 2 + c |Va¥>| • (23) 

We next consider \F A \ • 

| w ..|, W |._ a (^, lM ) 

= 2 (d [-d*i^ - t Im (VaV, ¥>>] ■ *a) 

= 2 (-AFa - id Im (V A <P, f) , F A ) 

= -2 (AF A , F A ) - 2 (id Im (V A <P, <p) , F A ) , 

where we have utilized the Bianchi identity dFA = 0, giving dd*FA = AFa- 
Applying the Weitzenbock formula (|T2l and recalling (fH)) , 

2 (AfU, -Fa) < 2 (V* M V M F A , F a ) + c \F A \ 2 

= -A\F A \ 2 -2\V m F a \ 2 +c\F a \ 2 • 
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Then using metric compatibility 

d Im (VaP: <p) = d I Im / V 3 A ip, ip ) dx J 



d k (lm (v A tp, ipj)dx k A dx j 

(<4(Im (V J A <P, ¥>)) ~ djQm (V A <p, if))) dx k A dx 1 

k>j 

J2 (Im ((V^ - V J A Vl)^, + Im (v>, V^) - Im (v^, V>))dx fc A 
fc>j 

(im (fljfo + 2 Im (V^, V^) dx fc A dx J , (24) 

fc>j 



so that 



2 (id Im (Va¥>, <p) ,F a ) ^ c (F^ |V^| 2 + c |^| 2 + c \F A \ 



Finally, we have 

^-\F A \ 2 < -A|F J 4| 2 -2|VF A | 2 + c|F A ||V A y| 2 + c|^| 2 + c|F A |. (25) 



We now combine (f2U)) and (f2"5)) : 

l-fiv^ + i^i 2 



vi 2 V 



2 



0t 

^-A(|V j4 ^| 2 + |Fa| 2 ) -2 
+ c\V M F A \\V A <p\+c{\F A \ + l)[\V A <p\ z + \F A \ Z ) +c (26) 



|V m Fa| 2 



where the first powers of \F A \ and |Va</?I can be incorporated into a constant 
since if they are larger than one, they are bounded by the second powers. We 
next have to deal with the derivatives of the curvature that appear in (|26|) . 



Fortunately, they can be controlled by the term — 2\VmF a \ 2 using Young's 
inequality 

\V M F A \ \Va<p\ < U \^mF a \ 2 + ^- |V^| 2 . 

I Is 

Then if we choose e sufficiently small we have the desired result. □ 

Using local coordinates, let 

P R (y,s) = {(x,t) e M x (0,T) : \x - y\ < R, s ~ R 2 < t < s} 
be a parabolic cylinder of radius R centered at (y, s). 
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Lemma 4.2. Suppose (ip,A) G C 00 (Pr(tj , s)) satisfies (GJ)-(Q2P- Then there 
exist constants S and Rq such that if R Rq and 



0<t<sJB R (y) 

then 



sup f (\V A <p\ 2 + \F A \ 2 ) dV <6, 

<t<sJB n (v) K ' 



sup (\V A ip\ 2 + \F A \ 2 ) ^256R-\ 



PR/i(y,s) 

Proof. The proof is similar to one in [5], but there are some differences. For 
completeness, we give details here. We begin by choosing ro < R so that 

(i?-r ) 4 sup (\V A <p\ 2 + \F A \ 2 ) = max {R-rf sup (|V^| 2 + |F A | 2 ) 

P ro (y,s) K ' O^r^R I P r (y,s) V 7 

(27) 

Let 

e = sup (|V^| 2 + |^| 2 ) = (\V A <p\ 2 + \F A \ 2 ) (x ,to) 

for some (xo,to) € P ro {y,s). We claim that 

e < 16(R-r Q )- 4 . (28) 

Then 

(i?-r) 4 sup (\V A tp\ 2 + \F A \ 2 ) sC (i?-r ) 4 sup (|V^| 2 + |^| 2 ) 

fr(w,8) V ' Pr (y,s) K ' 

< 16(i?-r ) 4 (i?-r )- 4 = 16 

for any r < R. Choosing r — ^R in the above, we have the required result. 

We now prove (|2"5)l . Define po = e 1 ^ 4 and suppose by contradiction that 
Po ^ \{R — r o)- We rescale variables via x = xo + pox and t = to + p\t and set 

ip(x,t) = ip(x + p x,t + pit), 

B(x, t) = p A(x + p Q x, t + pit), 

|V s V| 2 =Po|V^| 2 , 
\F B \ 2 = pt\F A \ 2 . 

e P0 (i, t) = \F B \ 2 + p 2 |V B ^| 2 = P 4 Q (|V^| 2 + \F A \ 2 ) 



giving 



We define 



so that 
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We compute 
sup e po (x,t)=pQ SU P {\^A<p\ 2 + \ f a\ 

Pi (0,0) Pp (xo,to) 

«S pi sup (|V A ^| 2 + \F A \ 

P R+ro (y,s) V 



R-r Q \ 4 / i? + r x 



R _* + ro\ / |v ^ |2 + ^ 



4 /'-R-r \ 4 , i 



^Po{-^J (R-ro)e = 16, 
where we have used that P Po (xo,io) C Pr+tq (y,s), and to get to the last line 

2 

we have used §F7\ . This implies that 

e po = P i(\V A ^\ 2 + \F A \ 2 ) sC 16 

on A (0,0). By Lemma SU 

d_ 

'dt 

Then 

^ + A)( f ,. li +/V 1 . = />:;(^ + A)(|v w f + |f," 



(^r + A) ( |V A ^| 2 + |F A | 2 + 1) < c(|F A | + 1) ( |Va<p| 2 + |^4| 2 + 1 



£♦*)(' 

^c P t{\F A \ + l)(\V A ^\ 2 + \F A \ 2 + 1 



on Pi(0, 0). Note that by assumption po < R, and thus p^IFaI is bounded by a 
constant. Then 



for a constant c > 0. We apply Moser's Harnack inequality to give 
1 + Po = e Po (0, 0) + po ^ c / e Po dxdt + cp 4 

J Pi (0,0) 



c Po 2 



Ppn (^o.to) 



(|V A <p| 2 + |F A I 2 ) dxdt + cp 4 
sup f (\V A ^\ 2 + \F A \ 2 )+cR 4 

^t<sJB n (v) K ' 



O&^s J B R (y) 

<cS + cR 4 , 

where we have used that po < R. Now if we choose Rq and S sufficiently small, 
we have the desired contradiction. □ 
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Lemma 4.3. Let (<p,A) be a solution to !^)- mO\) . Writing 

SW Br(xo) (v,A)= f | V ^| 2 + i|F A | 2 + f |^| 2 + i 
JB R (x ) 2 4 8 



we have for any xq £ M and ball of radius R, 

sup SWB R ( Xa ){^,A)^S\V B2R ( X0 ){^{ti),A{t 1 )) + C 1 (t 2 -t 1 )R-\ 

where C\ is a constant. 

Proof. Let <p be a smooth test function with 4> = 1 on Br(xq) and zero 
outside of E>2r{xo). We can choose so that < <j) ^ 1 and \d<j)\ < cR^ 1 . We 
compute 



1 d 

Ydt 



\Fa\ 2 



M 



M 



M 



M 



M 



^,d*F A ) 2 



M 



dA 
A TTTi Fa 



M 



dt 
dA 



dt 



\Fa\ 





dA 


2 




IM 


dt 


4 


/ 



|#| 2 |Fa| 2 , 



and similarly 



d_ 

dt 



M 



|V A ^| 2 = 2 J (f 1 Re ^V A ^, V A <p) + J 4? Re (jg<P, ^ a<P 



2 I^Re(-^,V* A V A <p)-2 J Be(d<t>f®-j£,VA'P 



dp 



M 



^Re( —tp,V A (p 



Furthermore, in the above 



-2 / Re 



# 2 ® ^,V A ^ 4>\d4>\ 



dip 



dt 



\Va<p\ 



2 ' - 

' M 





w 


St 


Jm 



|#| 2 |v^| 2 
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and 



-2 



1* 


dp 


Im 


dt 


\* 


dp 


Im 


dt 



Re 



M 



dip 1 

0t ' 4 



d 

dt 



M 



Thus 



d /" ^2 |y |2 < d /" 
di Af dt 7m 



S | ,2 . 1 I ,4 



2 / id^rivA^r 



A/ 



Re ( —p,V A p 



Wc next note that 



' dA 

Re( — ip,V A p 



dA. 



i2 /a^ 



— ,iIm(V^¥>, ip) 



so that 



L2 Re( —tp,V A tp 



M 



From all of the above, we finally have 



1, ,4 

o M 



&4 



at 



(29) 



The result follows by integrating on [ti,t] and taking the supremum over 
t x < t < t 2 . □ 



Lemma 4.4. Let (if, A) be a solution to nfy-U0\) in M x [0, T) mf/i initial 
values (ipo,Ao). Suppose \Va<p\ ^ -Ki o^d |Fa| ^ i-Ti m M x [0, T) /or some 
constant K\ > 0. TTien /or any positive integer n > 1, £/iere is a constant K n+ \ 
independent of T such that 



V% +1) <P <K n+l , V%>F A ^K n+1 mMx[0,T). 
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Proof. We prove Lemma 14.41 by induction. We first claim that 



d_ 

di 

<- A 



7 (fe+i) 



7 (fe+i) 



^mFa 



^mFa 



Ck 



,(fc+2) ; 



7 (fc+l) 



7 (fe+l) 
M 



7= 



1 



(30) 



< iffc+i and 



for all non- negative integers fc = 0,l,2,3,---. 

From Lemma 14.11 with the assumption of Lemma 14.41 (|3"U| holds for k 

0. Now, assume that (f3T)|) is true for k = n — 1 and 

^ -ftTfc+i for non- negative integers k < n — 1. Then we will show (|30[) 

and Lemma T4. 41 are also true for all n. 
From (O, we have 



^7 



(n+l), 



(n+l) 



-2Re(v^ +1) VlV A ^v(T +1 V 



■Re( V 



/(«+!) 



V7("+l) 



2Re([-V 



7 («+i) 



V7(n+1) 



From the Ricci formula (1211) we have 



(31) 



2Re(V^V^V A ^V 



-2Re(V^V A V^ +1 V, V^ l+1 V 



7 («+l) 
M 



Fa 



+ c 



where we recall that the non-constant part of SI a is Fa- From (|14p 

2 



-2Re( V*,V A V 



(n+l) V7(n+1) \ a 



- 2 



Next, applying metric compatibility n + l times, we find that the [n + l) th order 
term of d( n+1 *> \ip\ 2 is 2Re<V( ( n+1 V,^) and 



Re 



7 (n+l) 



^(n+l) \ 



7 (n+l), 



For the final term in (|31l) . noting that JjV^ = 5^7 involves derivatives of F4 
and V^(^ and utilizing the product rule we find 



2 Re 



d 



dt ' A 

< t c\V M F A \ 



7 («+i) 



V7(n+1) 



\ j+k=n 



(n+l) 



7 (n+l) 
M 



F A ||V^ +1 V|+ C 
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where VmFa is equal to Fa for the case n = 1 and bounded for cases 
n > 2. Thus 



0_ 

at 



= -A 



+ c 



7 (»+l) 

M 



+ c|V m Fa| 



/(«+!) 



7 (n+l), 



+ c 



7 (n+l), 



(32) 



Similarly, from (|10[) . 

2 a 



d_ 

di 



Of 



V<$dA 



2 ( V$d [-d*Fi - i Im (V^, ¥»)] , V$F A 



«: 2 ( -V^V^VmFi - l vj v " ) dlm (Va^, , V^F A 



7 («). 



+ C 



«S -A 



7{ m ] Fa 



V^Fa 



A m ] Fa 



V M F4 



where we have used the Weitzenbock formula (fl2|) . the Ricci formula (|2T|) . and 
ijlij) . Using (|24]l. we have 

V^dlm (Va^, V) - V$ J] ((O^V, v) + 2 Im (v>, V^)) ^ A da?>'. 

fc>j 



From this and metric compatibility we find 



iV^dlm V7 a <P,<p)M$Fa 



iV^dIni(V A (p,Lp} 



V7(") p 



< c 



V^F A 



V^F A 



V^Fa 



Thus 



_9 

9t 



vv; ; fa 



V^Fa 



V^ +1) F A 



V^Fa 



V^Fa 



7 (n+l), 



(33) 
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Combining now equations (|52"j) and gives 



d_ 

dt 

^ -A 



7 («+i) 



V7(n+1) 



V7("+2) 



7 («+l) 
M 



P 4 



/(»+!) 



7 ("+l) 
M 



F A 



/(«+!) 



Utilizing Young's inequality, we obtain (|30j) for fc = n. We now complete the 
proof of Lemma 14.41 

Case 1 . Assume T < 1. Multiplying (|30|) by e _c ™*, the maximum principle 
yields 



max 

x£M : 0<t<T 



i" +1 V| 2 + IV^I 2 ) < e - (|V^ +1 Vo| 2 + |V^ | 2 + l) 



The required result is proved. 

Case 2 . Assume T > 1. Let to be any time with < to < T. For any to < 1, 
the result follows from Case 1. For any to > 1) integrating (|30|) over M for 
k = n — 1 , we have 



|/ |vi"Vl 2 + |vr x) ^l 2 ^ + cU / iv 



% +1) v\ 2 + \V$F A \ 2 dV 



< Cn-1 



M 



|vi"Vl 2 



7 (n-l) 
M 



i^ A | 2 + l)dK 



Integrating in t on [to — l,to] yields 



t -i ^J\/ 



?("+!), „|2 



(y3 | 2 + |vi" ) ^| 2 dFdt < 



(c„_ 1 + l)(2X 2 + l)|Af| 



-n-l 



Then, using Moser's Harnack inequality in (|30|) with k = n, the required result 
follows. □ 



Corollary 4.5. Let (</?, A) be a solution to ^)- H10\) . Suppose 



and 



M 



^ K n in Pi(xo,to) for each 1 ^ j and some constant K„ 



Then there is a positive constant K n+ i such that 



V7(") F 



K n+ i in P 1 / 2 (x ,t ). 



Proof. Let £ be a smooth cut-off function C°°{Pi) satisfying |£| < 1 and 
|V£| + |A£| + \d&\ < C in Pi for some constant C > 0, and £ = 1 in P 3/4 , £ = 
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on the parabolic boundary of P\. Multiplying (|30p by £ 2 for k = n — 1 and 
integrating on Pi , we have 

<4-i / e(\v% +1) v\ 2 + W {n) FA\ 2 )dVdt 
J Pi 

< 2 / (|6| + |A£| + |Vf| 2 )(|vi n V| 2 + IVC"- 1 )^! 2 )^* 

< 1^1(2^ + i)( 4C + 2C 2 + c n _!). 

Applying Moser's Harnack inequality to (|3U1) with fc = n in P3/4, the required 
result follows. □ 

As mentioned in Section 1, we can show that concentration does not occur 
in general for the Seiberg-Witten flow. We say that the energy concentrates at 
a point xo at time t — T if there are constants 5 and Rq such that 

limsup / (\V A ^p\ 2 + \F A \ 2 ) dV^S 

t->T JBr(x ) V ' 

for all R £ (0, Rq]. That is, as t — > T we have energy 5 concentrating in smaller 
and smaller balls. Recall that 5 > is the constant defined in Lemma 14.21 
Concentrations of amounts of energy less than delta are ruled out by Lemma 
14.21 Using Lemma POl and that the energy is bounded, it follows from the proof 
of Struwe (see [16] and |18j ) that concentration can occur at no more than a 
finite number of points at t = T. 

Lemma 4.6. The energy does not concentrate at any T < 00. 

Proof. We assume by contradiction that the energy concentrates at a point 
Xq- We choose Rq > sufficiently small so that Br (xq) contains no concentra- 
tion points other than xq. Then there exist sequences x m — ¥ xq, t m — > T and a 
sequence of balls Bn m (x m ) with R m —> such that 

S > SW BRm(Xm) (<p(t m ),A(t m )) 

sup SW BRm{x) (<p(t) ) A(t))>^ (34) 

for each m. Choosing C2 = 55- , where C\ is the constant from Lemma 1431 and 
applying Lemma 14.31 to the time interval [t, t m ] for some t £ \t m — C^-R^tm] 
gives 

SW B2Rm (x m) (<p(t), A(t)) ^±- Cl {t m - t)R m 2 > ^ - 6 - = ~. (35) 
Define 

= {(V,s) : RmV + Xm £ B Ro (x ), S £ [-C 2 ,0]}. 
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Note that as m — > oo, R m — > and T> m will expand to cover M 4 x [— C2,0] . 
Similarly to the proof of Lemma 14.21 we rescale the data to 

fm(y, s ) = ^{RynV + X m , R 2 m S + t m ), 

(y, s) = R m A{R 
so that (p m and A m are denned on D m and 

\V Am Vm\ 2 =R 2 m \V AV \ 2 , 

\F Am \ 2 = Rt\F A \ 2 . 

We next show that R m ip m and A rn converge locally to (p and A respectively, 
where £p and A are defined on R 4 



9S ~~ m ~dt ~ Am VAnHmPm ~ 



x [— C2, 0]. We consider the rescaled equations 
1 



R m S+\R m tp m \ Rmfrn, (36) 



dA dA 

— ^— ■ = R Z m -^r = ~d*F Am - i Im (V Am Rm<Pm, Rm<Pm) ■ (37) 
os at 

Note that the following argument mirrors that presented in Lemma (14.21) and 
Lemma T4. 41 for the original equations. From and Lemma B~2l 

R 2 m\^A m iPrn\ 2 + \F Am \ 2 < Jf X (38) 

locally in -Br(O) x [— C2, 0] uniformly in m where ifi is independent of m. Noting 
the similarity of these equations to (J9]) and (|T0l) , we use ([38]) and results identical 
to Lemma \A. 41 and Corollary 14. 51 to find 



7 («+i) 



Rmtfin 



(39) 



in -Br(O) x [—(72,0] uniformly in m for each n > 0. 

If we choose our local coordinates on Br (xq) to be orthonormal coordinates, 



then the metric on the rescaled space is simply 
d t A G L 2 {[0, 00); L 2 (M)) so that 



From (|16[) . we know 



|<9 s A m | dyds ^ 



IftAI Wdt -> 0. 



1 Mx[t m -C 2 R^,t m ] 

Then from (1571) . there exists some r m G [—6*2,0] such that 



|<f i^J 2 dy 0. 



X>m(*=r m ) 

By a result of Uhlenbeck in [20] (theorem 1.3 of [20], see also [5]), passing 
to a subsequence (without changing notation) and in an appropriate gauge, 
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A m {T m ) -> A and R m fm -> <P in C°°, where d* Fj = in R 4 and / R4 IF4I 2 dy < 
C for some C > 0, and <y5 = by the boundedness of <p m . Next, from (|35|) . 



/ C |VA m ^n| 2 + |F A J 2 + -V |^„| 2 (S + \<p m \ 2 )dy > 
Jb 2 (o) 4 



(40) 



Since R m tp m — > 0, the first and third terms of ([4"U| go to zero. Then we must 
have 

\F A \ 2 dy > S -. (41) 

B 2 (0) ^ 

We now derive a contradiction with (j4Tj) . Since is harmonic in M 4 , the 
well-known mean value formula implies that for any xq G R 4 and R > 0, we 
have 



l^l(xo) < * / |F^|d2/ < ( ) , 

I-drWi Jb r (xo) \ \ b r(. x o)\ Jb r (x ) 



1/2 



F;| 2 cfy 



Letting i? — ► 00, = for any xq which contradicts (|4Tj) . as required. 

□ 

Next we complete a proof of Theorem [TJ 



Proof of Theorem [TJ. By the non-concentration of the energy (Lemma I4.6|) 
at any T < 00, there exists R > such that for any point x £ M and t € [0, T), 



(\v AV >\ 2 +\F A \ 2 y : ,t)dv <s. 



Then by Lemma l4~2l |V 4<p| + \Fa\ is uniformly bounded on Pr/2(x, t). Since 
x and t are arbitrary, IV^^I 2 + |Fa| 2 is uniformly bounded under the flow. 
From this fact and Lemma 14.41 we have for each n £ N 



sup 

M x [0,oo) 



7 (n-l) 
M 



Ft 



Note that equations (|9|)-(fl0|) depend only on these bounded quantities. It is 
then elementary to show using the Sobolev embedding theorem that (f(t), A(t)) 
converges to smooth data (ip(T),A(T)) as t — > T. In conjunction with local 
existence, this shows Theorem [TJ □ 



5 Convergence 

In this section we prove Theorem 2. That is, we show that the flow (|9|)- (|10l) 
converges uniquely to a critical point of the functional (j4|) . Since convergence 
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is only possible up to gauge, throughout this section we assume an appropriate 
choice of gauge. We denote a critical point of the Seiberg-Witten functional by 
(yoo, A*,), and write ip = (p^ + ip and A = A^, + a, where (ip, A) denotes a 
solution to the flow. For simplicity, we denote \\ip\\ + \\A\\ by ||(</?,A)|| for any 
norm || • ||. The proof depends on the following lemmas. 

Lemma 5.1. For each k > 0, there exist sequences {t n } and {g n } C §? 
with t n — > oo such that g n ■ (<p(t n ) , A(t n )) converges in H k to a critical point 
[A <Poo)- 

Proof. Integrating the energy inequality we find 



Next, recall from Lemma 14.41 that we have uniform bounds on the quantities 
ll^lljjfc and H-F/ill^fc for each k > 0. It follows from a theorem of Uhlenbeck 
(theorem 1.3 of [30]) that in an appropriate (time varying) gauge, we also have 
uniform bounds on for each n > 0. For each k > 0, from the Rellich- 

Kondrachov theorem we can pass to a subsequence of {t n } (without chang- 
ing notation) such that (ip(t n ) , A(t n )) converges in H k up to gauge to a point 
(tpao, Aoo). It remains to show that (</?oo,^4oo) is a critical point. From (|42|) we 
have the required result. □ 

Lemma 5.2. On any finite time interval, the solution to the flow depends con- 
tinuously on the initial conditions. That is, if (npi(t),Ai(t)) and (tp2{t), A%(t)) 
are two solutions to the flow with different initial values, then for any T > 
there exists a constant c such that 



WfaWiMT)) - fa(nMT))\\H» < c ||(^(0), A 1 (0)) - (<p 2 (0),A 2 (0))\\ Hk . 

(43) 



Proof. Recall that in the gauge of theorem 1.3 of ^U\, we have uniform bounds 
on <p, A, and all of their derivatives. In this gauge, we also know that d*A = 0. 
Using these facts and the expansion 




It follows that there exists a sequence {t n } such that 




(42) 



^*A oa '^A xl tp + a#VA 00 <p + Vmo# + a#a#< / 9, 



we can write 



(44) 




A{A 1 -A 2 )+g, 



(45) 
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where / and g comprise the lower order terms from ([5]) and (|10l) . and ||/ \\ Hk 
and ||g|| ff fc are both bounded by c || (9^1 — pi,A\ — ^4_2 ) 1 1 j^-fc ■ When f = g = 0, 
we simply have the heat equation, whose solution depends continuously on the 
intial data in the H k norm. When the data is small in the H k norm, the 
perturbations / and g will be small in the H norm also. Thus <p and A depend 
continuously on their initial values. □ 

Lemma 5.3. Let ((poo, Aoo) be a critical point of the Seiberg-Witten functional. 
There exist constants E\ > 0, \ < 7 < 1 and c > such that if 

\\(<p,A) - (yJoo, AxOllffi < £ i> 

then 

/rim r)A\ 

>c\SW{p,A)-SW(p OD: A x )\ < . (46) 



dip OA 
~dt , ~dt 



L- 



Proof. The proof of this lemma is analogous to that of proposition 7.2 in [T3] and 
proposition 3.5 [21]. While Wilkin considers in section 3 of [21] the Yang-Mills- 
Higgs functional, he allows in the proof of this lemma a very general functional 
/ : Q — > R, where Q is a Hilbert manifold and / is invariant under the action 
of some gauge group Sf. To apply Proposition 3.20 of [21] . we need only check 
that the operator 

Hsw + PooPlo ■ TooH — > TooH 

is elliptic. Here Hsw represents the Hessian of the Seiberg-Witten functional 
at the point (voc^oo), and : Lie(^) — » T^M is the infinitesimal action of 
the gauge group Sf. The operator p* x is defined by 



(P^ u >Lio(^) = / (X,pooU), 



M 



for X e TooH and u G Lie(Sf). We begin by computing the operator 

d 



ds 



Grad(SW)(sip,sa) 



where Grad(iSW) represents the gradient operator of the Seiberg-Witten func- 
tional. There holds 



0_ 

ds 



s=0 



S 1 > 

V A 00 + S a V A 00 + S Q(Voo + Sip) + -((fioo +S1p) + - \tpoo + S1p\ 2 + Sip) 



SI 1 
= V Aaa tp + -rV> + 7 \<Poo\ 2 ip + 2 R- e (<P°o,ip) <Pc 

where we use a relationship analogous to that in equation (|29j) . Similarly, 

9s s -n 



11/ 1 

-d*d(A 00 +sa) + -ilm(\7 A(yo (p OD + sip) + -saitfoo + sip), (ip^ + sip) 



24 



= iff da + iilm (Va^^oo,^) + ^ Im (Vi^ ip, ifioo) + ^a|^oo| 2 - 

Using the above and recalling the calculations in the proof of Lemma 12. 2[ the 
Hessian at the point (i/j^, A^) is given by 



(1 SI 

1 1 2 

-d*cia+ - | (pool a + iIm(^ 00 ,VA 00 V) + i I m (V>> f c 



(47) 



In the following, we continue to use (•, •) to denote an element of the con- 
figuration space, i.e., (ip,a) E r(5 + ) x s£ . Now, note that if g[t) represents a 
path through the gauge group 'S with g(0) = I, then 



(fl(t)*(V»oo,>loo)) 



V2 dt 

1 



( ff (i)~Voo,A 00 +2 5 (t)- 1 d 5 (t)) 



4=0 



= —(-g'(Q) Vo0: 2dg' (0)), 



where we write g(t) = e* e for some function 9(t,x) defined locally on the mani- 
fold M, so that 



d_ 

dt 



t=0 



2g{t)^dg(t) = | 



2id6> = 2dg'(0). 



t=o 



It follows that 



(pUW, a), g'm^m = -z= / ty, -ff'(O)^oo) + (a, 2d 5 '(0)) 



M 



V2 

= 4| voo) ,ff'(o)> LieW + 



d*a, 5 '(0) 



that is, 



and 



V2 



PooP^faM) = - (- (ip, (foo) (foo, dd* 'a) . 



(48) 



Comparing (|48)l with (|47)) . we find that i/gyy + PooP^ is an elliptic operator, 
as required. Then, the required result follows from the same arguments as for 
Theorem 3.19 in ED. □ 
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Lemma 5.4. There exists a constant c such that ifT>0 and S > 1 are such 
that < T < S - 1, then 



s 

T+l 



d<p dA 
~di , ~dt 



^ c 



dtp dA 



(49) 



Proof. We define G = (Gi,G 2 ) = Noting that 



we have 
<9Gi 



dt 



= -VI Va^Gi + G2#V A<X ,V + a#V Aoe Gi + V M G 2 #ip + V M a#Gi 



+G 2 #a#^ + a# a #G! - |gj + <p#ip#G u 



and 



9G2 
Si 



-d*dG 2 + G 2 #<p#tp + a#^#G! + V Aoo ^#Gi + <p#V Aoo Gi. 



Using the Bianchi identify and the Weitzenbock formula (|12[) we can write 

-d*dG 2 = -AG 2 - idd* Im (VaV, V?) 

= -V; f V M G 2 - «dcT Im (Va¥>, tp) + R M #G 2 . 

Using metric compatibility and equation we compute in normal coordinates 
— idd* Im (V A tp, ( y 3 ) — id * d (im ^V A <p, tp} * dx 3 
= id * 



Im ( V A V^, tp) + Im ( V j A <p, V k A <p 



dx k A *dx j 



id* [\m{y J A V A p,tp)dV 



-idlm (V* A V A tp, tp) 



-iIm((V A V A V A tp,tp) + (V a Va^, Va<^>) 



l r 



i— Im 

4 



S+|^r Im({V A ip,ip) + {<p,V A (p}) 

2 



dS + d\tp\ tp,tp 

+ tp#V Aoa Gi + V Aoo <£#Gi + a#<^#Gi 
= ^#Va oc G 1 + V AooV #Gi + a#vp#G 1 , 

where the second term in line two and the first two terms in the second to 
last expression are zero. Thus recalling the uniform bounds on tp, A and their 
derivatives (see the proof of Lemma |5. II) . we can combine all of the above in the 
compact form 

BC 

— + V*VG = Vb#G + V^VG, 
dt 



2G 



where the Vj are smooth vectors having all derivatives uniformly bounded, and 
V acts as on sections of S + and as Vm on forms. This equation is of the 

same form as the equation in the proof of Proposition 3.6 of [2T], and the rest of 
the proof is the same. Note that since we have uniform bounds on all derivatives, 
we do not need to require the assumption \\(<p(T), A(T)) — (ip oo, Ax>)IIh»= < e 
as in [IB] and HI]. □ 

Lemma 5.5. Let k > 0. There exists e > such that if for some T > 

||( V (T),A(T)) - (^.^ooJH^ <e, (50) 

then either SW(<p(t),A(t)) < <SW(<£oo, A») for somet > T, or (ip(t) , A(t)) con- 
verges in H k to a critical point (tp'^, A'^) where 6>W((^, A'^) = <SW(y>oo, -A<x>) 
and 

||(*4,4J - (^00,^)11^ c \\(tp(T),A(T)) - (^^oo)!!^ (51) 
where 7 is as in Lemma \5.!A We also have the following convergence estimate: 
\\(<p(t),A(t)) (</4,4Jll ff * < c(t-T)-^/^-V. (52) 
Proof. We set 

ASW{t) = SW(<p(t), A{t)) - 5W(^oo, 

Then, we can assume that ASW(t) > for all t. Otherwise, the required result 
is proved. 
We note 



/ \\7 A ip\ 2 - \\7 Aoo p c 
Jm 



At 



1 

2«^c 



2°^ 



2 .Ro { V^V. |atf > + 2Re /ia^, -atjj ) + 2 Ro ;V. U . r - s . V k - ■} 



1 



2Re^V j4oo yoo, ^atp 



A I 



l v ^o=' ( /'| 2 + 7 Woo\ 2 \a\ 2 + - |^| 2 |a| 2 + (a,£Im (Va^^oo)) 
1 



+ (o,iIm{V^^)) + - |a| Re((^ 00 ,V> +2Re(V^ oo V Aoo <Poo,V') 
+ (a, ilm^V^Voc^oo)) + (a,«Im(V j4oo ^oo, V 1 )) i 

where we again use a relationship analogous to that in equation (|29[) . It is easy 
to see 



1\Fa\ 2 



1\FaJ = 



M 



1 2 

-\da\ + (dA oc ,da). 



M 
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Wc have also 



J | M 2 - 1 \ Voo | 2 = J | (|^| 2 + 2 Re Voo ) 



and 



^Xf '^' 4 ~ ' </?0 °' 4 = ^/ l'^ 00 ' 2 + l^l 2 + 2Re (^°°'^)) ~ l^l 4 



IV'I 4 + 4Re (^oo, V) 2 + 2 |^oo| 2 H 2 + 4 l^ool 2 Re {(p^ip) 



A I 



+ 4|7M 2 Re(^oo». 

Recalling that (</?oo,^4oo) satisfies the critical point equations © and ([8]), we 
have 

and 

(dtdAaa + iIm(V J 4 00 </9 00,^00) , a) = 0, 



Combining above estimates, we have 



ASW(t) = J |Va to ^| 2 + ^ Re (^oo» 2 + I |Vf + J l^ool 2 (|^| 2 + M 
+ - \da\ 2 + (o,iIm(Vx 00 V'.Voo)) + (a,iIm(VA ao ^oo,V'))+C(3) ) (53) 



where 



0(3) = J ~ (|V^| 2 + |a| 2 ) Re ( Voo ,^) + (a, * Im (Va^, |^| 4 +^ |«| 2 

Since A<SW(i) is a polynomial functional and {A^jip^) is a critical point, 
the first order terms of ASW(t) vanish. Then for e small enough we have 

ASW(T) c\\(<p(T),A(T)) - A^f^ 

< c||(v>(T),A(T)) - (<Poo,4»)|Ih* . (54) 



From the continuous dependence on initial conditions fLemma l5.2|) . for e in f|50[) 
sufficiently small we have for t € [T, T + 1] , 

||( V (i),A(t)) - (^oo.Ax.JHh* < \ei- (55) 
We claim that if e is sufficiently small, then for alH > T we have 

\\(<p(t),A(t)) - (Voo.AxOIIh* < ei. (56) 
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Suppose by contradiction that S > T is the smallest number such that 
\\(tp{S), A(S)) - (¥>oo, > El- From Lemma ([Of we have for T <t < S, 



dt 



(ASW(i)) 



1-7 _ 



-c(l-7)(A«SW0))- 



2 

L 2 



< -c 

Integrating ([5"7]) in time gives 



Recalling (JM]) 



~dt , ~dt 



L 2 



c 


[dip 


dA\ 






\dt J 


dt J 


L 2 



< cA(SW(T)) 



1-7 



(57) 



(58) 



(g,^)|| i3 <c||(^(T),A(T))-(^ ) A TO )|| 2 j^<ce 2 ( 1 --v). (59) 



From (|55j) we know that S > T + 1, and then 



S 

T+l 



s /dip OA 
T+i \dt J dt 



> \\{tp(S),A{S)) - (<poo,A^)\\ Hk - \\{<p(T + 1), A(T + 1)) - teoo.Aoo)!!^ 

Then using our results above and Lemma 15.41 we find 

iei^ce 2 ^), 

which is impossible for e small enough. Thus, as claimed, for e small enough we 
have \\(ip(t),A(t)) - (ip^, A^)]]^ < e t for all t > T. 

Finally, letting S — > oo in Lemma 15.41 and (j58|) we have 



ti+i 



< c 



dip OA 
~dt'~dt 



'dip OA 

for any t± > T. From Lemma 15. II and Lemma 15.31 we have 



(60) 



dip dA 
~dt , ~dt 







as ti — > oo. This establishes unique convergence of the flow in the H k norm to 
a point (if/^A'gg), provided that || ((f(T), A(T)) - (cfoo, Aoo)\\ Hk < e for some 
T. 
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As in Lemma I5~2l it follows that (ip'^, ^4^) is a critical point, and it follows 
from Lemma [O] that SW^,^) = SW(>oo, Ax,)- Then lrom © and ([54j) 
we have 



||(^t + i),^(t + i))-(^,4j|| h * 



< 





(d<p 


dA\ 




It+i 


\dt' 


~dt) 





< c(ASW(T)) 



1-7 



(61) 



< c||(^(T), - (^00,^00)16^ 



<c\\(ip{T),A{T))- ( Voo ,iloo)|| H * 
since 7 £ (4 ; 1)> an d horn Lemma [521 

||(p(T + 1), A(T + 1)) - (^oo,^oc)|| Hfc < c ||(^(T), A(T)) - (tpvc, . lx , N .„ 



The estimate (|51[) follows from the above two inequalities. It remains to show 
(|52|) . As in JBT]), for t > T we have 



\\(<p(t+ l),A(t + 1)) - (^A'^W^ < c(A5W(t)) 1 ^. 
Then from Lemma 15.31 we have 



— ASW(i) = -c 



at ' at 



-c(ASW(t)) 



2", 



which implies that 



ASW(t) < c(t - T , ) -1 /( 2 t _1 ). 
Thus combining the above, for t > T + 1 we find 

||te(t), A(t)) ~ (*4, 4J|| ff * < C(t - T - l)-d-7)/(27-l). 



(62) 
(63) 



Note that since the left-hand side is bounded under the flow, by adjusting the 
constant c if necessary, we can drop the constant 1, and ((52)) follows. □ 



We now complete the proof of Theorem [2] 

Proof of Theorem® From the convergence of a subsequence {tk} of the flow 
to a critical point (ip 00, -Ax,) (Lemma I5.1j) . we know that there exists a T such 
that \\(<p(T) , A(T)) — ((fioo, Aoo)\\ Hk < e. We can then apply Lemma IS~5l Note 
that in deriving (|11[) . as for (|63p . by adjusting the constant c if necessary we 
can drop the constant T. 

Finally, we show that the limit depends continuously on the initial data in 
the space {(ip ,A a ) : SW(cp(t),A(t)) — > A} as t — > 00. Let (cp(t),A(t)) be a 
solution to the flow which converges to (^00,^00) as t — > 00. Let (<p'(t), A'(t)) 
be another solution to the flow with initial data (ip'(0), A'(0)) with 



hm SW(ip'(t),A'(t))=SW(<p' 00 ,A' 00 )=SW(ip 00 ,A OQ ). 
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From Lemma 15.51 for any fa > there exists a fa > such that if for some 
T > 0, 

||(^'(T),A'(T))- (^oo^oo)!!^ 

then (ip'(t), A'(t)) converges in H k as t — > 00 to a critical point (ip'^, A'^), and 
further |j (<^, A'^) - (ip^, Aoo)\\ Hk ^ fa. Choose T such that 

\\{ v {t),a{t)) - {^a^w^ 

From Lemma [521 there exists fa > such that if 

||( V '(0),A'(0))-(^(0),A(0))|| ff * 

then \\(<p(T),A(T)) - (ip'(T),A'(T))\\ Hh ^ Applying the triangle inequality, 
for any fa > there exists a fa > such that if 

||(^(0),A'(0))-(^(0),A(0))|| Kfe <^ 3 , 

then 

ll(^,^)-(¥>oo,A>o)||ff* <j8l- 

This completes the proof of Theorem [2] □ 



6 Perturbed Functional 



One can also consider the perturbed Seiberg-Witten equations 

1 



F+ = J (e jek p,ip) e j Ae k + fi 



Dap = 0, 

and the corresponding perturbed Seiberg-Witten functional 



(64) 



\D A <p\' 



F + 

A 



- (eje k tp,ip) e J A e k - /i 



I 2 + I M* + ^ + ^ <M • <P,<p) - 2 <F+, M ) + M 2 , 



(65) 

where is some fixed imaginary- valued self-dual 2-form and /1 • tp represents 
Clifford multiplication. Then, we define the perturbed flow equations to be 



m 



1 

<y5 - 2^ ' V' 



at 



= —d* Fa — i Im (Va¥>, ¥>) + 



(66) 



(67) 



The purpose of this section is to show that our global existence and convergence 
results extend to these perturbed equations. Rather than duplicate each proof, 
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we will simply outline the differences. In Lemma 12.11 we have instead the 
equation 

| M 2 = -A M 2 - 2 |V^| 2 -\[S+ M 2 ] M 2 - Re (fx ■ <p, <p) , 
where the additional term satisfies — Re {a - w,u>) I max |u(a;)| ) M 2 . Since 

\x£M J 



S + max |/x(ar)| + \ip 



M 2 <o 



for \ip\ sufficiently large, the same argument as before yields a uniform bound on 
sup { | (f(x, t) | : x € M}. The other estimates in section 2 also continue to hold. 
For the proof of local existence in section 3, we note that the additional terms 
are zeroth order and do not change the parabolicity of the gauge transformed 
equations. In section 4, in the proof of Lemma |4. 11 we have additional terms of 

2 Re /-1va(m • <p), V A V>j < c |V A ^| 2 + c |V A vl , 

and 

2(dd*n,dA) ^c\F A \, 

and the lemma continues to hold. The proof of Lemma B~2l relies only on Lemma 
14.11 and is unchanged. For Lemma \A. 31 noting that 



the proof is entirely analogous. Lemma [4.4l continues to hold for the same reason 
as Lemma 14.11 as does its corollary. In Lemma 14.61 the new terms in (14T))) are 
multiplied by factors of R m , and become negligible in the limit. This establishes 
global existence. In Section 5, the proofs of Lemmas l5.1l and l5.2l are unchanged. 
In Lemma l5.31 as for local existence, the additional terms are of order zero and 
do not affect parabolicity. Finally, in Lemma 15. 4| the additional terms lead 
to an equation of the same form. The remaining arguments in this section are 
unchanged. Thus the analogues of Theorems 1 and 2 hold also for the perturbed 
equations (|66p and (|67l) , for an arbitrary perturbation parameter fj,. 



Acknowledgement 1. The research of the first author was supported by the 
Australian Research Council grant DP0985624- Theorem 2 was suggested by 
Prof. Huai-Dong Cao and Prof. Gang Tian. We would also like to thank Prof. 
Huai-Dong Cao and Prof. Gang Tian for their useful suggestions. 



References 

[1] Donaldson, S.K., Anti- self- dual Yang-Mills connections on complex alge- 
braic surfaces and stable vector bundles, Proc. Lond. Math. Soc. 50 (1985) 
1-26. 



32 



[2] Donaldson, S.K. and Kronheimer, P., The geometry of four-manifolds, 
Oxford university press, 1990. 

[3] Eidcl'man, S., Parabolic systems, North Holland Publishing, 1969. 

[4] Fang, Y. and Hong, M.-C, Heat flow for Yang-Mills-Higgs fields, part I 
Chinese Ann. Math. Ser. B, 22(2000)453-472. 

[5] Hong M.-C. and Tian, G., Asymptotical behaviour of the Yang-Mills flow 
and singular Yang-Mills connections, Math. Ann. 330 (2004) 441-472. 

[6] Hong, M.-C. and Tian, C, Global existence of the m-equivariant Yang- 
Mills flow in four dimensional spaces, Comm. Anal. Geom. 12(1) (2004) 
183-211. 

[7] Hong, M.-C. and Zheng, Y., Anti-self-dual connections and their related 
flow on 4- manifold, Calc. Var. Partial Differential Equations, 31(2008) 
325-349. 

[8] Jost, J., Riemannian Geometry and Geometric Analysis, Springer- Verlag, 
1995. 

[9] Jost, J., Peng, X. and Wang, G., Variational aspects of the Seiberg-Witten 
functional, Calc. Var. Partial Differential Equations 3(1996)205-218. 

[10] Moore, J.D., Lectures on Seiberg-Witten invariants, Springer- Verlag, 1996. 

[11] Morgan, J. W. The Seiberg-Witten equations and applications to the topol- 
ogy of smooth four-manifolds, Princeton University Press, 1996. 

[12] Nicolaescu, L.I., Notes on Seiberg-Witten Theory, American Mathematical 
Society, 2000. 

[13] Rade, J., On the Yang-Mills heat equation in two and three dimensions, 
J. Reme Angew. Math. 431 (1992) 123-163. 

[14] Scorpan, A. The Wild World of ^-Manifolds, American Mathematical 
Society, 2005. 

[15] Simon, L., Asymptotics for a class of nonlinear evolution equations, with 
applications to geometric problems, Ann. of Math. 118 (1983) 525-571. 

[16] Struwe, M., On the evolution of harmonic mappings of Riemannian sur- 
faces, Comment. Math. Helv., 60 (1985) 558-581. 

[17] Struwe, M., The Yang-Mills flow in four dimensions, Calc. Var. Partial 
Differential Equations 2(1994) 123-150. 

[18] Struwe, M., Variational methods, Springer- Verlag, 2000. 

[19] Taubes, C, The Seiberg-Witten invariants and symplcctic forms, Math. 
Res. Lett. 1 (1994) 809-822. 



33 



[20] Uhlenbeck, K., Connections with L p -bounds on curvature, Commun. Math. 
Phys. 83 (1982) 31-42. 

[21] Wilkin, G., Morse theory for the space of Higgs bundles, Comm. Anal. 
Geom. 16(2) (2008) 283-332. 

[22] Witten, E., Monopoles and four-manifolds, Math. Res. Lett. 1 (1994) 
769-796. 



34 



